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Abstract 

A0IS5 x S 5 and its pp-wave limit are self-dual under transformations in- 
volving eight fermionic T-dualities, a property which accounts for sym- 
metries seen in scattering amplitudes in M = 4 super- Yang-Mills. De- 
spite strong evidence for similar symmetries in the amplitudes of three- 
dimensional M = 6 ABJM theory, a corresponding self-duality in the 
dual geometry AdS^ x CP 3 currently eludes us. Here, working with 
the type IIA pp-wave limit of A0IS4 x CP 3 preserving twenty four su- 
percharges, we show that the pp-wave is self-dual with respect to eight 
commuting fermionic T-dualities and not the six expected. In addition, 
we show the same symmetry can be found in a superposition pp-wave 
and a generic pp-wave with twenty and sixteen unbroken supersymme- 
tries respectively, strongly suggesting that self-duality under fermionic 
T-duality may be a symmetry of all pp-waves. 



1 Introduction 



Recently, a better understanding of the amplitude/Wilson loop correspondence pQ 
and the dual superconformal symmetry [2j [3] in the context of M = 4 super- Yang- 
Mills materialised through the realisation [U E] that the dual geometry AdS§ x 
S* 5 could be mapped back to itself under a combination of ordinary bosonic T- 
dualities [6] and newer fermionic transformations, dubbed fermionic T-dualities. An 
important prerequisite for performing a fermionic T-duality is the existence of Killing 
spinors (supersymmetry), and a simple redefinition of sigma- model couplings, results 
in a dual geometry where the metric is unchanged, though the dilaton and the RR 
fluxes get modified. 

Despite rosy appearances, it is not fair to say that fermionic T-duality is a simple 
generalisation of bosonic T-duality, as it possesses some unique quirks. Firstly, a 
requirement on commuting supersymmetries necessitates the need for complexified 
Killing spinors, often leading to backgrounds which are solutions of complexified 
supergravity. Secondly, unlike Abelian T-duality, it is not a full symmetry of string 
theory. In this way, the current status of fermionic T-duality is akin to non- Abelian 
T-duality [TJ, though recent work [H [9] has shown how to generate supergravity 
solutions there too. To date, there is a relatively small body of work exploring this 
fascinating area of fermionic T-duality, some of which may be found here [TU1 [TT1 

Ha nana nans m. 

Another recent interesting development that stokes interest in this area and 
provides impetus for our study is the steady stream of papers confirming strong 
evidence for Yangian invariance [HI [19], dual superconformal symmetry [20 ll2lJ*l and 
amplitude/ Wilson loop duality [231 12H [25] in the scattering amplitudes of ABJM 
[26] . Attempts to find such symmetries in the gravity dual AdS& x CP 3 have so 
far come up short [271 l28l [29] . leaving quite an intriguing hole in the literature. 
Given the difficulties experienced there, a goal of this paper is to explore fermionic 
T-duality, and in particular self-duality under this symmetry, in the simpler setting 
of the pp-wave limit of ABJM. 

Building on the observation of [30], that AdS$ x S 5 remains self-dual under 
eight fermionic T-dualities in the pp-wave limit (incidentally the same number as 
were identified in [1]), we identify commuting fermionic directions allowing a self- 
dual description of the pp-wave limit [31] of AdS^ x CP 3 . In the pp-wave limit, the 
geometry considerably simplifies to the extent that one no longer requires bosonic T- 

1 A recursion relation for tree-level scattering amplitudes in three-dimensional Chcrn-Simons- 
matter theories generalising BCFW [22] was also noted in [21] . 
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dualities for self-duality. This allows a good opportunity to study just the fermionic 
T-dualities and examine the proposal of [T8| from studying the superconformal al- 
gebra that six fermionic T-dualities are required. Though the superalgebra will 
change, it is certainly valid to ask if a signature of these may be found after one 
takes the pp-wave limit. 

In contrast to recent null results [271 l28l [29] , in this paper we find something 
that works, with the only hitch being that it requires eight fermionic T-dualities and 
works too well! In short, self-duality is realised using the sixteen standard Killing 
spinors of pp-waves combined into eight commuting fermionic directions, and as 
such, it appears to be a symmetry of generic pp-waves. Though we appear to lose 
information after taking the pp-wave limit making it not possible to infer much 
about self-duality in the AdS^ x CP 3 , the obvious silver lining is that we identify a 
potential new symmetry of pp-waves. We support this claim by studying pp-waves 
with differing amounts of unbroken supersymmetry and in each case find the same 
self-duality with identical factors. 

In addition, in this paper we extend the results of [30J by studying fermionic 
T-duality with respect to the supernumeracy Killing spinors in the setting of the 
maximally supersymmetric pp-wave of type IIB. These Killing spinors depend on 
transverse coordinates and, at least for pp-waves, are somewhat analogous to su- 
perconformal supercharges in the Poincare patch. Though we show that one can 
find consistent equations which may be integrated to give non-trivial examples of 
fermionic T-duality, we find that fermionic T-duality with respect to these spinors 
will not recover the original geometry and that there is no self-duality with respect 
to these spinors. 

2 Maximally supersymmetric pp-wave in IIB 

In this section, we review some of the analysis presented in [30] where fermionic T- 
duality of the maximally supersymmetric pp-wave [32] in type IIB is discussed. This 
will allow us to cover the basic recipe for fermionic T-duality and get our bearings by 
seeing how the requirement of commuting supersymmetries selects Killing spinors 
and thus fermionic isometries. We quickly review the prescription given in [I] for 
performing T-duality. Our gamma matrices conventions which we use throughout 
this study may be found in the appendix. 

Given a type IIB supergravity solution and a Killing spinor that it preserves, the 
existence of a fermionic isometry requires a pair of sixteen component Weyl spinors 
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of positive chirality (e, e) satisfying jl] 

e^e + e^e = 0, (2.1) 

where [i — 0, 1, • ■ ■ ,9 and we have dropped spinorial indices. Since, in a Majorana 
representation, 7 is simply the identity matrix, it is easy to convince oneself that e 
and e must be complex, otherwise no non-trivial solution exists. Thus, the need for 
complex Killing spinors in all discussions of fermionic T-duality. 

In the case of multiple fermionic isometries, the constraint above generalises to 

etfej + ei-fej = 0, (2.2) 

where the indices i,j = 1, ...,n range over n, the number of fermionic T-dualities 
performed. Once the Killing spinors (e^ej) are identified, one then computes an 
auxiliary matrix CV,- 

= 2ie i -fe j . (2.3) 

In turn, this determines the shift in the dilaton 

1 n 

^^-QlogC),, (2.4) 

i=l 

and an accompanying rearrangement of the fluxes 

Y/F = ^F-Cr'e l ®e r (2.5) 

Here F is a bispinor incorporating the RR forms of type IIB supergravity 

1 1 1 

1 — W J ^ 3! MlM2/i3 2 5! M1M2M3M4A»5 5 K^-v) 

allowing the fluxes to be read off. 

Having introduced the nuts and bolts of the transformation, we now review some 
of the analysis presented in [30] in the pp-wave setting pertaining to how one selects 
the pair (e, e). The maximally supersymmetric pp-wave background in type IIB is 
given by 

ds 2 = 2dx + dx~ - \ 2 5^ u x^x u dx + dx + + 5, xv dx^dx v , (2.7a) 
-F+1234 = 4A = F +5678 , (2.7b) 

where A is a constant. 
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The Killing spinors of this background have been derived in [32] and in our 
notation are given by 

/ rr . n ( n \ ( Xx + Xx + \ ,„ „ s 

77 = (1 — ix ka) I cos —^—1 - 1 sm — y~ D J ( cos — ^— 1 - 1 sm — ^— J J (2.8) 

for an arbitrary rj Q , where 1 is a 32 x 32 unit matrix, I = FiI^I^I^, J = Ts^ry]^, 
and 

{ SAIL IF., .= 1,2,3,4, 
[ 8AT_ JT CT , a = 5,6,7,8. 

Being Weyl and of positive chirality, we see from our gamma matrices in the 
appendix that t]q has 16 upper components. These 16 components can further 
be divided into "A" type and "B" type Killing spinors in the notation of |30j . 
Respectively, these A and B type Killing spinors correspond to Killing spinors in 
the kernel of r + , often referred to as standard Killing spinors as they are common 
to all pp-waves, and the remaining Killing spinors, dubbed supernumeracy Killing 
spinors. 

In terms of components these spinors may be written 




(2.10) 



where and are generic constant complex spinors with 8 components. When 
these are inserted back in (12.81) . one finds that the Killing spinors take the following 
form 

n {A) = \ <g> ( * \ <g> [cos Aa; + 1 8 + isin\x + (a 3 <8> a 2 <E> cr 2 )] 

rj^ = [l 32 -ix°A a ] ® (°\ ®^ B l (2.11) 

We see immediately that A type Killing spinors are independent of the transverse 
coordinates and depend only on x + , whereas the opposite is true for B type Killing 
spinors. In the next section, we will recognise this as a common feature of pp-waves 
that arise as a limit of AdS^ x CP 3 . 

Now, in [30], the real and imaginary parts of a complex Weyl spinor correspond- 
ing to a standard Killing spinor were chosen giving rise to a pair of Majorana-Weyl 
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spinors, which once complexified, resulted in a pair satisfying (12. ip . In each case 
considered there, e = ie, and thus 




e^e + e^e = e^e - e^e = 0. (2.12) 

As one is quick to note, the commutation condition is trivially satisfied. To get a 
better understanding of how one arrives at this choice, we choose to rewrite (12. ip 
in terms of conditions on components coming from the constant Weyl spinor i] 
appearing in (12. 8p . 

We begin with the type A (standard) Killing spinors and adopt 

[cos Xx + ls + i sin \x + (o~3 (g> a<i <8> <7 2 )1 £, (2-13) 

with a similar hatted expression for e. Observe that as the ten-dimensional spinors 
are of positive chirality, we have dropped the first tensor product resulting in a 16 
component spinor. From the gamma matrix decomposition (lA.ip . we now see that 
only the 7 and 7 9 conditions from (12. ip are non-trivial and imply the condition 

££ + ££ = 0. (2.14) 

We immediately see that a very simple solution to this condition involves £ = z£, or 
e = ie. Also, when one is performing numerous fermionic T-dualities using the A 
type Killing spinors, this condition gets generalised to 

&£i + £i4 = 0, (2.15) 

where i,j = 1, • • • , n with n denoting the number of fermionic T-dualities performed. 
As we have eight complex components for the spinor £, we see that we can make eight 
complex spinors which correspond to the eight commuting fermionic directions noted 
in [30] that lead to a self-dual pp-wave. Once the fermionic T-duality condition (12. ip 
is rewritten in terms of the constant spinors, one gets an immediate appreciation for 
why the choice e = ie, a choice which trivially satisfies the condition, is the natural 
one to consider. 

We next shift focus to the B type (supernumeracy) Killing spinors in (12. lip and 
adopt the simple choice for the spinor 



li6 - ix a k r 




t 

cx\ «2 «3 04 «5 cyq ol-j as ) , (2-16) 



where a, G C are constants, the superscript t denotes the transpose and we have 
introduced A to denote an obvious sixteen-dimensional matrix derived from (12. 9p . 
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Our task now is to find another constant positive chirality e so that (12. ip is satisfied. 
For a general spinor of the form 



1 



16 



ix a k a 




1 



® fa fa fa fa ft fa fa fa 



(2.17) 



where again fa G C, it can be shown by expanding the condition (12. ip in terms of 
the transverse coordinates, that given e, the only solution for e is with components 
fa satisfying 

fa = ±ia { , i = l, ...8. (2.18) 

Again we see that the simple choice e = ie emerges when one considers the super- 
numeracy Killing spinors too. In the next section we explore fermionic T-duality 
using supernumeracy Killing spinors. 



2.1 Supernumeracy Killing spinors 

As fermionic T-duality with respect to the supernumeracy Killing spinors has yet 
to be discussed in the literature, here we ask whether they may be used to generate 
new backgrounds. 

As we have seen above, a simple first choice could involve a± = l,fa = i, with 
all other components of the spinor zero. However, even with (12.11) satisfied, one 
quickly encounters another problem. Namely, one finds that the equations above are 
inconsistent in the sense that d±C ^ when a\ = 1, fa = i, whereas the RHS of (12.31) 
is independent of x ± since the Killing spinors are independent. This obstacle may 
be overcome by also turning on a 2 and fa such that a± = l,a 2 — i, fa — i, fa = — 1- 
This identifies one fermionic direction and the resulting C 

C = 64V2iX(x 1 -ix 4 )(x 6 -ix 7 ). (2.19) 

determines the dual geometry by identifying how the dilaton and RR fluxes trans- 
form. 

Proceeding in this fashion to find extra commuting supersymmetries, one can 
find four linearly independent solutions to (12. 2p with the added requirement that 
the equation (12. 3 p can be integrated. In the absence of the latter condition, one 
would find eight. The four may be expressed as 



li 6 - ix° 'k a 




(2.20) 
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where 
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where in each case e, = ze^. Proceeding to calculate C, one finds 

/ z x z 2 -x 2 2 2 x 3 z 2 \ 

2i^ 2 ^3^2 X2Z2 

-x 2 z 2 X 3 Z 2 ~ZiZ 2 
\ x 3 z 2 x 2 z 2 -^1^2 / 
where Z\ = x\ — ix^ and z 2 = Xq — ix 7 . Inverting this matrix and contracting to form 

a 



C = 64V2i\ 



(2.21) 



6j leads to a matrix that is not proportional to the spinor bilinear ie^F. 
We see that although non-trivial C matrices which presumably lead to involved dual 
geometries may be constructed, combining commuting fermionic isometries does not 
lead to any hint of self-duality. 



3 ABJM pp-wave in type IIA 

Shortly after ABJM [26] appeared, the pp-wave limit of the geometry AdS^ x CP 3 
was determined in (31] , in the process making contact with older works on type IIA 
pp- waves preserving twenty four supersymmetries [33l [34J, [35]. These geometries 
were originally found by reducing the maximally supersymmetric pp-wave [36] of 
D = 11 supergravity. In this section, in the spirit of the work of [321 [36], we work 
out the Killing spinors for the ABJM pp-wave limit. A similar treatment with the 
same conclusion may be found in [51] . 

Adopting the notation of [35], the solution may be written 

8 

ds 2 = -2dx + dx~ - A(x i )(dx + ) 2 + ^(cfe*) 2 , 

i=l 

F +l23 = fi, *+4 = -|, (3-1) 

where 

^) = Ey(^) 2 + E^) 2 - ( 3 - 2 ) 

i=l i=5 

It is an easy task to check that this solution satisfies the Einstein equation (1A.7|) . 
so we only have to concern ourselves with showing that it preserves twenty four 
supercharges. 
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We begin by introducing an orthonormal frame 

ds 2 = -2e + e~ + (e*) 2 , (3.3) 

where 

e + = dx + , 

e~ = dx~ + -A(x % )dx + , 

e* = dx\ (3.4) 

Note now that the only non- vanishing component of the spin connection is 

u-i = -d i A(x i )dx + , (3.5) 

and that with our choice of frame <5 + _ = — 1, so raising and lowering plus and minus 
indices results in a change of sign. 

Using the supersymmetry variations in the appendix, the dilatino variation can 
be shown to vanish provided 

r + (r 1234 r n - i)e = o. (3.6) 

From the gravitino variation S^m = (Vm + ^m)c = 0, the respective Q may be 
written 

= 0, 

o + = _ii / [r^ + (9-r 1234 r 11 ) + (i5-7r 1234 r 11 )] , 
Qi = -^/r+r\ i = 1,2,3,4, 

o 

Hi = -^ /r+r '' ^ = 5,6,7,8, (3.7) 
where / = T 123 . 

After doing some preparatory groundwork, we can now solve the gravitino Killing 
spinor equation. We start by imposing T + e( + ) = 0, so that the dilatino variation 
(13.61) is trivially satisfied. Here the superscript on simply refers to kerT + , the 
kernel of r + . The Killing spinor equations then reduce to the single equation 



d 

-e 



(+) _ _ i r 1234 r ll )e (+) = 0> (3J 



dx + 4 v 3 

where is just a function of x + . Solving for one finds 

e(+) = e^ + e «+e^V +) , (3.9) 



S 



where e±~^ are constant spinors satisfying Y 1234 T 11 e ( ± S> = ±e±~\ 

After working out the form of the standard Killing spinors, we now shift attention 
to the supernumeracy Killing spinors. Again one easily confirms that they are 
independent of x~ , but need to satisfy (13.61) and 

5^i = (di + n t )e = 0. (3.10) 

Now, as QiQj = V i, j, the supernumeracy Killing spinors may be expressed as 

e = (l-x%) X , (3.11) 

with r 1234 r 11 % = x following from the dilatino variation! 2 ). Finally, to determine the 
final form of the supernumeracy Killing spinors, one needs to consider the vanishing 
of the gravitino variation 5^/ + = (V+ + f2+)e. Inserting (I3.1ip into 5^ + , after a 
little manipulation, one finds the equation 

d x = A/([r-r+ + i](9-r 1234 r 11 ) + (i5-7r 1234 r 11 ))x 



dx +/X 96 
— x 



(k. d . AV 0+ + A/[( 9 _ r 1234 r ll ) + (15 _ 7r 1234 r ll )]a 



+ ^nj[(9 - r 1234 r n ) - (15 - 7r 1234 r n )] j X - (3.12) 

As in [32| 136], the terms in the above expression proportional to x l can be shown to 
vanish using ( 13. 2 p and the projector r 1234 r 11 % = X . One can then further decompose 
the spinor x — X+ + X-j where T ± x± = 0, leading to two equations 

d :X + = ^X + , Ax-=0. (3.13) 



dx + 6 ' dx + ' 

Solving the first equation, one recovers information about the e+ term in (13.91) . 
while the second equation tells us that X- is a constant. This means that the final 
form of the Killing spinor is 

e = e1 Ix+ e^ ] + e3 Ix+ e W + (1 - x^e^ , (3.14) 

where we have relabelled X- = e + ^ to highlight that it is in ker T~ and also an 
eigenspinor of r 1234 r n with eigenvalue 1. We can quickly confirm that twenty four 
Killing spinors are preserved: e^ + -* G kerT" 1- correspond to sixteen, with a further 
eight coming from e^T as it satisfies a further projection. 



2 There is a slight subtlety here, fij for i = 1, • • ■ , 4 anti-commutes with r 1234 r 11 , whereas f2j 
with i = 5, ■ ■ • , 8 commute. However, as the dilatino variation also has a T + term, the fli terms 
arc killed. 
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3.1 Fermionic T-duality 

Following observations in section 2, it appears that supernumeracy Killing spinors 
will not permit self-duality. In addition, in the current setting of the pp-wave limit 
of ABJM, we also have half the number of supernumeracy Killing spinors, thus 
making the possibility even more remote. So, here we focus exclusively on the 
standard Killing spinors. 

As we have seen, these are eigenspinors of r 1234 r n and are also in ker T + . Defin- 
ing T+ = -^(r 9 + r°), the Killing spinors satisfying T + S = (r 1234 r n - 1)8 = may 
be, using the gamma matrices in the appendix, built from a basis of the following 
spinors 



V7 




(3.15) 



(3.16) 



where £ and £ denote the eigenspinors of cr 3 and a 2 respectively, i.e. as^± = ±£± 
and 0" 2 C± = =I=C±- Interchanging the first two spinor products in (13 . 15[) and ( 13 . 1 6[) 



leads to a basis for Killing spinors satisfying T + S = (T 
also record here 



1234 -nil 



1)£ = 0, which we 



V's 




(3.17) 



(3.18) 



Note there are a total of 16 basis spinors, 8 for each eigenvalue of r 1234 r 11 . 

As explained in [2H] in the context of type IIA, the condition of the existence of 
an Abelian fermionic isometry [1] may be expressed as 



£ l T»£i = 0, 



(3.19) 
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where £i denotes a 32-component non-chiral complex spinor and we are working in a 
Majorana-Weyl representation of the gamma matrices with £ = £ C. The auxiliary 
function C of fermionic T-duality may then be written 

d^Cij = iBiT^Sj. (3.20) 

Before proceeding to find the Killing spinors satisfying (I3.19P which lead to a non- 
trivial C, we digress briefly to explore the options. Adopting the spinor notation 
£± G kerT + such that F V £± = ±£±, one can immediately infer using the 
projection conditions that 

S ± m 11 £ ± = £±T»£± = 0, ij. = 1,2, 3, 4, (3.21) 
£ + rT 1:L £_ = £+r"£_ = 0, = +,- 5,6,7,8. (3.22) 

Referring to the last section where we have seen that £± depend only on x + , we 
can conclude that there is no non-trivial solution to (13.20]) when one mixes different 
eigenspinors of r 1234 T 11 . In this case, the only solution is constant C. Indeed, one 
can go further and show that there is no non-trivial fermionic isometry direction 
with mixed spinors. This can be done by using the explicit basis for the Killing 
spinors above to show that £ + T ,t r 11 £- = £ + r M £_ = V \i. So, we can ignore this 
possibility and simply focus on finding fermionic isometry directions that involve 
either £ + or not both. 

Returning to (I3.14p . and confining ourselves to spinors in kerr + one recognises 
that we have two exponentials involving / with different factors. A little experimen- 
tation to satisfy the condition ( 13.191) reveals that the four complex spinors 

£\ = Vi-Vs, £ 2 = V2 + V7, 

£ 3 o = Vs-Ve, £o = Vi + V5, (3.23) 

can be exponentiated as £ % = x £\, i = 1, 2, 3, 4 to give four commuting fermionic 
directions. Another four complex spinors 

£l = V [- V ' 8 , £1 = ^ + ^, 

£ 7 = 773 - ^76, £ 8 = V', + V' 5 , (3-24) 

exponentiating as £ % = e3 x £ l , % = 5, 6, 7, 8 give us another four commuting com- 
plex directions. 

The choice of signs is a result of imposing (I3.19p . Also, as we have seen above, 
spinors which have different signs under the projector r 1234 T 11 do not mix, thus 
guaranteeing that we have eight commuting fermionic directions. 
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Calculating C leads to the following matrix 



C 



where 



/ A 


—it) 


n 
U 


n 
U 


n 
U 


n 
U 


n 
U 


„■ r> 

— ID 




n 
U 


n 
U 


n 
U 


n 
U 


n 
U 








.4 


-iB 

















-iB 


.4 























-A' 


-iB' 



















-A' 























-A' 


V o 

















-iB' 


A = 


24\/2 
/i 


cos ^ 


. 3 J 


, B = 


24\/2 


sin ^ 



o \ 







-iB' 
-A' J 



(3.25) 



.4' 



cos 



2/iz H 



„, 12^2 . (2ax- 
B = sin 



(3.26) 



3.2 Self-duality 

The transformation of the RR fields under fermionic T-duality jl] may be written 

i e *F a = ie^F^ - lGC^f? ®e M , (3.27) 

where i,j range over the number of fermionic T-dualities to be performed and e» 
and €j refer to chiral and anti-chiral components of Si respectively. Above F°g is a 
bispinor 

n = u^n F ^ + i(v^vw> ( 3 - 28 ) 

where we have taken care with raised and lowered spinor indices through the intro- 
duction of c - see ( 1A.3j) . Note that the factors in ( 13.271) are the same as those that 
appeared in [30]. For self-duality, we simply require that both matrices on the RHS 
of (13.271) be identical up to some constant. For the original solution 




[a 1 <X> cr 2 



1) - i(a 2 ® 1 2 <g> a 2 )] , (3.29) 



where the c = — 1 16 term in (13.281) is responsible for the overall minus sign. 

Now, this 16 by 16 matrix may be recovered from the eight spinors in f !3.23|) by 
projecting out the chiral parts (e, e) and contracting with the inverse of C. After a 
calculation, one finds the following relationship 



ie 



<$> pa 



(3.30) 
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The corresponding shift in the dilaton (12. 4p may be written 

I = 41og(^Y (3.31) 

The transformation of the RR fields then takes the simple form in terms of this 
dilaton 

F a p = -e-*F a p . (3.32) 

As a result, the original two- form flux and four- form flux are simply rescaled 
by the constant dilaton in precisely the same fashion as was noted for the 
maximally supersymmetric pp-wave in type IIB [30]. A quick glance at the only 
non-trivial Einstein equation flA.T|) and one confirms that the dilaton drops out and 
the Einstein equation is satisfied as before. 



4 Other pp- waves 

So, now that we have shown that there is something special about the pp-wave that 
arises as a limit of the geometry AdS± x CP 3 , one can reattempt the same calculation 
with pp- waves not arising as a limit from AdS± x CP 3 . We choose to focus on a 
superposition pp-wave [33] preserving twenty supercharges and a generic pp-wave 
preserving sixteen. We begin with the simpler generic pp-wave. 

For simplicity, we retain F + i23 = /i, but set the two-form flux from section 3 
solution to zerd_|. This then is a solution to the Einstein equation provided the 
condition 

R ++ = ±&diA{x% (4.1) 

is met for the metric (13.11) . 

We are not interested in the specific form of A(x l ), but it is clear from the form 
of the dilatino variation that no supernumeracy Killing spinors are preserved. The 
Killing spinor equation for the standard Killing spinors is then solved for £ £ ker r + , 
leading to 

£ = eV* + £ , (4.2) 

where again £ is a constant spinor and / = T 123 . Using the same basis of spinors as 
the previous section (I3.23j) . except this time not going to the bother of decomposing 

3 Through bosonic T-duality, it makes little difference which form we set to zero. 
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in terms of eigenspinors of r 1234 r n , one can determine C 



c 



/ 

I 


1 


— ID 


u 


u 


u 


U 


U 


u 


\ 




—its 


1 


n 
U 


n 
U 


U 


U 


U 


n 
U 






n 
u 


n 
u 


i 




n 
u 


n 
u 


n 
u 


n 
u 












-iB 


A 






























-A 


-iB 
























-iB 


-A 






























-A 


-iB 




\ 




















-is 


-A 


1 



(4.3) 



where now 
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sin 
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(4.4) 



Inverting C* and contracting with chiral spinors, one finds the same result as (I3.30P 
with an accompanying constant shift in the dilaton. 

A less trivial example is provided by a pp-wave with twenty unbroken super- 
symmetries. As explained in [33], one can superpose two twenty four supercharge 
pp-waves to get this solution. A flux choice realising this configuration may be 
written 



3' 



A 
3' 



F+123 = F+A 
-P+456 = A, F + i 

Referring to the metric ansatz ( 13. ip . the new fl for this solution are 
= 0, 
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(4.6) 



From the supersymmetry variations, the A(x l ) required to complete the solution 
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may be worked out and may be expressed as follows 

- ^ + 4X 2 )(xl + xl)-^ + \ 2 )(x 2 + xl). (4.7) 

As a quick check of consistency, we see that setting A = we recover the ABJM 
pp-wave. It is also not difficult to show that the Einstein equation (1A.7D is satisfied. 

A glance at the dilatino variation now confirms that in addition to the original 
projector r 1234 r n e = e, we also have the additional commuting projector r 1456 r n e = 
e. As a result, the supernumeracy Killing spinors are further cut from eight to four. 
Solving for the standard Killing spinors we meet the differential equation 

d + e = ±1(1- lr 1234 r n )e + -JCL- -r 1456 r n )e, (4.8) 
+ 4 v 3 y 4 v 3 1 y ' 

where / is the same as before in ( 13.81) . but now J = r 456 . The solution for the 
standard Killing spinors will then read 

S = e b * £++ + e 3 * £ +e 6 x £+ +e a x £ + , (4.9) 
where superscripts now refer to eigenspinors of the two projectors r 1234 r n and 

pl456pll 

Proceeding, one can use the following spinors 



Si 


= rfr - ir] 3 + r] 6 - iris, 




£2 


= V2 + m + V5 + iV7, 




£3 


= v'i + Ws + V2- Wa, 




£4 


= % - ir ii + % + Wa, 




£ 5 


= Vi + ir J3 + V2- m, 




£ 6 


= V5 ~ iifr + Ve + ir)8, 




£7 


= Vi ~ irf 3 + V2 + Wi, 




£s 


= rf 5 + ir^ + rf 6 -iri' 8 , 


(4.10) 



where rji, r( i refer to the spinors we introduced earlier, to find a manageable expression 
for C, which when inverted and contracted leads again to our now familiar self- 
duality relationship. 

So, despite starting off with a result that may appear unique for the pp-wave 
arising as a limit of AdS^ x CP 3 , it is clear that there are other examples in the class 
of pp-waves self-dual under fermionic T-duality. It is also not difficult to see how 
this result manifests itself. 
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In all cases, the trigonometric functions of x + that appear in all the expressions 
for the standard Killing spinors drop out after inverting and contracting C. The 
fact that one is using eight complex Killing spinors also allows one to form a basis 
for the sixteen component Killing spinors in the kernel of T + . As we have seen, 
with a varying number of supernumeracy Killing spinors, we find additional projec- 
tion conditions leading to a subdivision of this basis into smaller bases of Killing 
spinors honouring the projection conditions. As we are not aware of any exhaustive 
classification of IIA pp-waves, though steps in that direction in the simpler setting 
of D = 11 supergravity may be found in [37J |38j [39] , we are unable to show this 
symmetry for all pp-waves. Despite this limitation, evidence so far for the existence 
of this symmetry in a host of examples suggests that it is quite general. 

5 Discussion 

In this paper we have studied fermionic T-duality in type IIA pp-waves including the 
pp-wave limit of AdS± x CP 3 . We show that pp-waves preserving different amounts of 
supersymmetry are self-dual with respect to eight commuting fermionic T-dualities 
performed with respect to standard Killing spinors, thus generalising the observation 
in [30] that the type IIB maximally supersymmetric pp-wave is self-dual. As these 
Killing spinors are common to all pp-waves, we conjecture that self-duality under 
fermionic T-duality is a symmetry of all pp-waves. 

We have also explored fermionic T-duality with respect to the supernumeracy 
Killing spinors for the maximally supersymmetric pp-wave in type IIB. We show 
that one can find non-trivial auxiliary matrices, but that fermionic T-duality with 
respect to commuting fermionic directions does not lead to a self-dual configuration. 
One may expect an analogous statement for fermionic T-duality with respect to 
superconformal Killing spinors in AdS§ x S 5 . 

Though we have not gleaned any hints into how self-duality may work in the 
setting of AdS^ x CP 3 , as there from superconformal algebra arguments one would 
expect six commuting fermionic T-dualities, while in the pp-wave we need eight, 
this remains an interesting challenge. It is certainly surprising that in addition to a 
singularity in the dilaton shift coming from fermionic T-duality, a similar singularity 
as a result of three commuting bosonic T-dualities on CP 3 arises [29] . It would be 
nice to get a deeper understanding of this effect and any other potential obstacles 
to self-duality in AdS^ x CP 3 as the evidence of the existence of these symmetries 
from scattering amplitude studies is quite strong. 

Finally, in tandem with recent developments in our understanding of non-Abelian 



1(3 



T-duality in coset geometries [8j [9], it may also be interesting to study fermionic 
T-duality with respect to non-Abelian fermionic T-dualities. 
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A Conventions 

Throughout this work we employ the real representation for the ten-dimensional 
gamma matrices appearing in the Clifford algebra Cl(9, 1). We choose our gamma 
matrices to be 

T° = ia 2 ® lie, r^ff!®^, (A.l) 
where we further decompose 
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(A.2) 



Observe here that E 9 
16 dimensional blocks as 

^ = ( ^ {r) J J, c=[ : n Z | , r- = ( 7 ; fl ) , (A.3) 

where the indices take values a, /? 
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Under the ten-dimensional chirality operator T 11 = T • • • T 9 = a 3 £g> 1 16 , we have 
two inequivalent 16 component Weyl spinors ift± satisfying T ll ip± = ±^±. Working 
in a Majorana representation where C = T°, and 

C l = -C, (A.4) 

we see that further imposing the Majorana condition on ip± results in them being 
real. 

In string frame the type II A supersymmetry conditions may be written as 



6X = 



J 1 r A/ T7 a _l ^ p( 2 ) r MN r _l 1 w~( 3) r MNP r 
| - 2 1 V M + — ^ M ^l 1 ii + —H MNP L 1 1 

192 MNp Q f ' l^- ^ 

5W M = |vm- ^^0-^^(^-14^,^)^ 

In addition, any pp-wave solution of type IIA has to satisfy the following equation 
R ++ + 2V + V+$ = e 2 * Wf+oFJ + ±-F +aia2a ,F + ^ 1 . (A.7) 



(A.6) 
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